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Abstract: In the course of the past several years holography has emerged as an ab initio
tool in exploring strongly-time-dependent phenomena in gauge theories. These lecture
notes overview recent developments in this area driven by phenomenological questions
concerning applicability of hydrodynamics (hydrodynamization) under extreme conditions
occurring in ultrarelativistic heavy-ion collisions at RHIC and LHC. The topics include
hydrodynamization time scale, holographic collisions, as well as hydrodynamization from
the point of view of the asymptotic character of the hydrodynamic gradient expansion. The
emphasis is put on concepts rather than calculational techniques and a particular attention
is devoted to present these developments in the context of the most recent advances and
some of the open problems.
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1 Introduction and motivation
Arguably one of the most interdisciplinary trends rooted in the theoretical high energy
physics of the last 15 years has been efforts to shed light on time-dependent processes
in strongly-coupled gauge theories, in particular N = 4 super Yang-Mills (SYM) theory,
using holography [1–3] and gravity in anti-de Sitter (AdS) spacetimes. These fascinating
developments were primarily motivated by the newly discovered quark-gluon plasma (QGP)
in ultrarelativistic heavy-ion collisions (HICs) at RHIC [4] and subsequently explored also
at the LHC [5]. The QGP is a phase of quantum chromodynamics (QCD) in which the
fundamental constituents of atomic nuclei, quarks and gluons, are deconfined but not
necessarily weakly-interacting, see Ref. [6] for a pedagogical exposition of these ideas.
The key HIC phenomenological notion are features of the produced particles univocally
interpreted as signs of an underlying collective behaviour at least in some of the collisions.
Interested reader is invited to consult Sec. 2 of Ref. [7] for a brief yet quite comprehensive
overview of this topic. In the context of these lectures, the collective behaviour is taken
to simply mean that nuclear physicists are able to successfully fit the experimental signal
using, as an intermediate step, equations of motion for the expectation value of the energy-
momentum tensor 〈Tµν〉 of the created matter of the form
〈Tµν〉 = E(T )uµuν + P (T ) (ηµν + uµuν) + Πµν . (1.1)
The equations of motion that allow to reproduce the observed particle spectra, referred
to throughout the text as to various hydrodynamic equations, are conservation of the
energy-momentum tensor (1.1) and a class of simple1 relations for the absent-in-equilibrium
contributions collectively denoted by Πµν .
The acclaimed discovery of QGP lies, in particular, in the successful use of the above
model with E(T ) and P (T ) being the equilibrium energy density and pressure (both are
taken to be functions of temperature T ) of the QGP phase obtainable from QCD using
well-established theoretical approaches. As it also turned out,
Πµν = 0 (1.2)
corresponding to perfect (i.e. without entropy production) fluid behaviour was disfavoured
by the data creating an invaluable opportunity to gain insights into the microscopic physics
of the experimentally accessible QGP. The reason for it is that the next-to-the-simplest
result for the form of Πµν , the so-called first (i.e. containing at most one derivative of T
and uα) order hydrodynamics given by2
Πµν = −η(T )σµν − ζ(T ) ∆µν ∇αuα, (1.4)
1Otherwise one looses the predictive power by having too many parameters to fit. For the relations used
in solving the actual initial value problem for relativistic viscous fluids, see, e.g., Ref. [8].
2The term σµν in Eq. (1.4), the so-called shear tensor, is given by
σµν = ∆µα∆νβ (∇αuβ +∇βuα)− 2
3
∆µν∇αuα (1.3)
and is traceless and transversal, i.e. uµσ
µν = 0. In fact, we demand the whole Πµν to be transversal as
a definition of velocity (this is the so-called Landau frame condition). The role of σµν in the equations of
motion is to account for the response of the fluid to shearing, i.e. change in the flow’s pattern in directions
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contains a scalar function (transport coefficient), the shear viscosity η(T ), now known to
have at least about an order of magnitude different value of the ratio with the equilibrium
entropy density s for weakly- and strongly-coupled [13] non-Abelian plasmas3
η
s
∣∣∣
smallλ
≈ 6.174
λ2 log
(
2.36/
√
λ
) vs. η
s
∣∣∣
λ=∞
=
1
4pi
≈ 0.08 (1.5)
with λ = g2YMNc and the ’t Hooft planar limit is implicitly implied throughout the text (we
will refer to it as to the holographic regime). The successful description of the experimental
signal requires including the shear viscosity with η/s much closer to the famous strong-
coupling result than to the leading order weak-coupling value, see, e.g., Ref. [15] for a
discussion. This observation has provided the key impetus for the paradigm shift concluding
that experimentally accessible QGP is a strongly-interacting liquid rather than a gas of
quarks and gluons. Note also that, formally, relativistic hydrodynamics is phrased in
the language of a systematic expansion in derivatives and Eq. 1.4 contain just the first
subleading order. For a contemporary exposition of relativistic hydrodynamics, see Ref. [8].
The aim of the research program overviewed in these lectures and spanned by a series
of work included as Refs. [16–25] is to use holography to understand hydrodynamization,
i.e. the process as a result of which the one-point functions of the energy-momentum
tensor in a non-trivial state can be accurately described using hydrodynamic constitutive
relations such as Eq. (1.4). Hydrodynamization implies vast reduction in the information
about the microscopic system: mathematically speaking, in the relevant spacetime region
10 independent components of 〈Tµν〉 can be then well-approximated by only 4 functions:
T and uµ (uµu
µ = −1). Note that in none of the exposition above appears the word
“equilibration” and indeed the most interesting lesson stemming from these developments
is that, remarkably,
hydrodynamization 6= equilibration,
see Sec. 5 for details. In particular, the word “hydrodynamization” has been coined only
recently precisely with these holographic developments in mind and was later showed,
see Refs. [26–28], to occur also within weakly-coupled frameworks. The phenomenological
relevance of hydrodynamizations starts as a partial justification for the use of hydrodynamic
models in HIC under omnipresent there extreme conditions (large gradients and/or small
QGP droplets). For a further set of thought-provoking ideas on this front, see very recent
Ref. [29].
perpendicular to velocity. Such gradients arise in setups modelling one-dimensional expansion of matter,
such as the studies discussed in Secs. 4 and 5, that is why we elaborate on associated physics. More generally,
the role of the shear viscosity contribution to the energy-momentum tensor, −η(T )σµν , is to homogenize
the alignment of flow velocities. The primary role of η in the experiment and HIC phenomenology lies in
affecting the transversal (to the collision axis) expansion of plasma. This feature is absent in all the setups
discussed in these lecture notes. See Refs. [9–12] for holographic studies of transversal expansion in HICs.
3Note that this is not the case with the thermodynamic properties captured by E(T ) and P (T ), as has
been known in holography from very early on. The weak-coupling value of η/s quoted in Eq. (1.5) is for
N = 4 SYM [14] and is significantly smaller than for the pure Yang-Mills theory.
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The last key introductory remark is that the reason to use holography is certainly not
that we naturally expect the strong-coupling physics to dominate the pre-hydrodynamic
phase in HIC experiments at RHIC and LHC. It is rather the scarceness of methods to
solve gauge theories in a time-dependent settings in a fully ab initio manner, i.e. without
making ad hoc assumptions likely to affect the outcome, that made us explore this avenue.
For completeness, let us mention two more fundamentally rooted in QCD weakly-coupled
approaches to time-dependent processes: the so-called effective kinetic theory [26, 30] and
classical statistical approximation (see Secs. 10-12 of Ref. [31] for an overview of the latter).
The past several years have seen many fascinating developments motivated by the desire to
understand the emergence of the hydrodynamic description of HICs using these frameworks,
but they run outside the scope of these lecture notes. It should, perhaps, also be stressed
that analogous methods to the ones employed in the material discussed in these lectures
in the context of HICs can be also applied to certain condensed matter theory problems,
see, e.g., Ref. [32–34] for examples of such applications.
The rest of these notes contain the write-up of three lectures presented by the author in
Zakopane (Poland) in May 2016 as part of the 56th Cracow School for Theoretical Physics
“A Panorama of Holography”. The original transparencies contain some complementary
information and, as of October 2016, are available at
http://th-www.if.uj.edu.pl/school/2016/speakers.html
Part of this material was also covered by the author in Lisbon (Portugal) in July 2014 at
the Summer School on String Theory and Holography. The lectures in Zakopane focused
on the following aspects:
• hydrodynamization timescales in strongly-coupled gauge-theories discussed in
Sec. 3,
• holographic collisions covered in Sec. 4,
• hydrodynamization exposed in Sec. 5.
The material from the lectures is supplemented with Sec. 2 which streamlines some of the
methodology and, at the same time, provides interested readers with information where to
obtain the necessary know-how to contribute to this exciting line of research in the future.
Sec. 6 briefly summarizes the main lessons from the series [16–25]. The notes conclude
with an idiosyncratic outlook section.
2 Methodology and literature of the subject
The basic technical idea behind the developments described in these lectures is to analyze
solutions of Einstein’s equations with negative cosmological constant in (1+4)-dimensions
Rab − 1
2
Rgab − 6
L2
gab = 0 (2.1)
in terms of non-equilibrium processes occurring in dual (1+3)-dimensional gauge theories
and imprinted in the form of the corresponding 〈Tµν〉. Eqs. (2.1) imply studying conformal
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field theories (CFTs) with large number of microscopic constituents and strong interactions
among them and states characterized only by 〈Tµν〉 with all other one-point functions
vanishing. For definiteness, the example we will be always having in mind is N = 4 SYM
in the holographic regime, but it needs to be stressed that Eqs. (2.1) actually describe a
sector of infinitely many holographic CFTs [35].
Both the conformal symmetry and the absence of other operators acquiring an ex-
pectation value can be relaxed using standard holographic technology, but since in the
situations of interest (i.e. mimicking the dynamics of HICs) solving Eqs. (2.1) turns out
not to be completely straightforward we will not do so except from just quoting the results
of Ref. [22]. In fact, understanding the implications of relaxing the conformal symmetry
(absent in the QCD itself) on the studies discussed in these lectures is one of the most
interesting open problems and a subject of many current investigations including Ref. [22].
The general Ansatz for a solution of Eqs. (2.1) can be written as
ds2 =
L2
z2
(
dz2 + gµν(z, x) dx
µdxν
)
. (2.2)
The CFT vacuum in Minkowski space corresponds to gµν(z, x) = ηµν and excited states
introduce non-trivial z- and xα-dependence in gµν but asymptote as z → 0 to Minkowski
metric ηµν according to [36]
gµν(z, x) = ηµν +
2pi2
N2c
〈Tµν〉(x) z4 +O(z6). (2.3)
In the equation above all the higher order terms are expressed in terms of 〈Tµν〉 and its
derivatives containing derivatives of an arbitrary high order. Note that the above form
of the metric justifies calling xα the dual field theory coordinates in the sense that at the
boundary these are the coordinates on the manifold (Minkowski space) in which the dual
CFT lives. Note also that from the point of view of time evolution in AdS, we think about
ηµν as a boundary condition we fix (almost) at will, whereas 〈Tµν〉 is associated with the
state and so is not completely arbitrary. One more remark is that the setup we want to
study in a dual CFT is imprinted in our Ansatz on the form of 〈Tµν〉 and, through Eq. (2.3),
this leads to the Ansatz for the corresponding bulk metric in coordinates (2.2) [37]. Finally,
let us emphasize that according to Eq. (2.3) the constant x0-slice in the bulk contains
information about time derivatives of 〈Tµν〉 of an arbitrary order which means that at
least formally the equations of motion for 〈Tµν〉 are of an infinite order [38]. Holography
provides then a way to repackage these intractable relations into manageable second order
partial differential equations at a price of introducing additional direction into the problem’s
description.
How to then answer the question we posed ourselves in the introduction? Conceptually,
the situation is rather simple. When it comes to holography, we need to construct time-
dependent solutions of Einstein’s equations (2.1), bring them if needed to the form (2.2)
known also as the Fefferman-Graham coordinates and, using series expansion, obtain the
corresponding profiles of 〈Tµν〉 as functions of the xα-coordinates. The remaining task is
a non-holographic one and lies in analyzing the form of 〈Tµν〉, in particular understanding
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how long it takes for it to be close to hydrodynamic predictions with no derivative correc-
tions included (1.2), with only first derivative terms (1.4), etc. This will be the subject of
Secs. 3 to 5. The rest of the current section discusses the former issue, i.e. obtaining the
relevant (1+4)-dimensional geometries.
The gravity solution corresponding to global equilibrium4, i.e., 〈Tµν〉 given by Eqs. (1.1)
and (1.2) with T and uα being constant and E(T ) = 38N2c pi2T 4 and P(T ) = 13E(T ) is the
AdS-Schwarzschild black brane [39]
ds2 =
L2
z2
{
2uα dx
αdz − (1− pi4 T 4 z4)uµuν dxµdxν + ηµν dxµdxν} . (2.4)
For the sake of completeness of our discussion in this section, we wrote this solution in
the ingoing Eddington-Finkelstein5 coordinates and interested reader can perform the rele-
vant coordinate change to the Fefferman-Graham gauge and verify the corresponding form
of 〈Tµν〉. The black brane temperature is the temperature of the plasma phase in a dual
CFT and the match extends to all the thermodynamic properties. The key feature of the
AdS-Schwarzschild black brane is clearly the presence of the horizon at r = pi T L2 which
plays a role of a perfectly absorbing membrane and is responsible for dissipation.
This notion generalizes also outside global equilibrium and the processes of hydro-
dynamization in CFT is holographically related to, possible, horizon formation and its
subsequent evolution. More precisely, the geometry of the AdS-Schwarzschild upon pro-
moting T and uα to be functions of xβ becomes the geometry dual to solutions of the
perfect fluid hydrodynamics (1.2). Using this so-called fluid-gravity duality [40] one can
work out subsequent corrections in derivatives of T and uα at first order matching viscous
hydrodynamics (with in this case vanishing ζ).
We can precisely define the holographic dual to hydrodynamization as a phenomenon
in which a gravity solution is going to be locally, in the sense of tubes spanned by con-
stant values of xα Eddington-Finkelstein coordinates, described by the geometry of the
fluid-gravity duality. The picture with the aforementioned tubes can be advocated using
bulk causality, see Ref. [35]. Fig. 1 provides some intuition on the relevant gravitational
dynamics using the example of homogeneous isotropization discussed in the next section.
Of course, we are not interested in understanding these particular geometries since
they are already known once we feed them with particular solutions of hydrodynamics.
What we want to do is to generate geometries that at least initially are not described by
the fluid-gravity duality and there are 3 distinct ways to obtain them:
1. Starting with the vacuum and turning on CFT sources to excite it. In the
context of pure gravity in AdS studied here, this amounts to putting the dual CFT
in a nontrivial background spacetime. In practical terms, one chooses the leading
small-z behaviour of gµν(z, x) from Eq. (2.2) accordingly. Note that this is how the
4For a holographic gauge theory on a sphere (say R×S3) the situation is more complicated, see Ref. [39],
but we will not be concerned with it since we study gauge theories on R1,3.
5Note that although, for simplicity, we denote the Eddington-Finkelstein AdS radial coordinate in, e.g.,
Eq. (2.4) by z, it can be a priory a different radial coordinate in AdS than the one appearing in the
Fefferman-Graham Ansatz (2.2). The same obviously applies to any other coordinate designations.
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Figure 1. The plot is taken from Ref. [19] (see also Ref. [18]) and illustrates gravitational dy-
namics underlying holographic hydrodynamization in the homogeneous isotropization setup, see
also Eq. (3.4), in which the bulk metric takes the form ds2 = − 2z2 dt dz − Adt2 + Σ2e−2B dx21 +
Σ2eB
(
dx22 + dx
2
3
)
and A, Σ and B are functions of the ingoing Eddington-Finkelstein time t and the
AdS radial coordinate z. Note at this point that the adopted metric Ansatz follows from Eqs. (2.2)
and (2.3) given the form of 〈Tµν〉 in Eq. (3.4). The plot depicts the function B directly capturing
pressure anisotropy in a dual CFT normalized by its leading near-boundary (z = 0) behaviour and
the equilibrium pressure, P = 13E , as a function of the Eddington-Finkelstein time t and the radial
coordinate z. Note that slices of constant t are null. The red curve depicts Gaussian initial data.
The Gaussian splits into an outgoing (black arrow) and ingoing wave packets. The outgoing wave
packet hits the boundary at z = 0, gets reflected and is immediately (in the coordinate time t, see
the arrow) absorbed by the horizon residing in the vicinity of z = zh. The same happens to the
initial ingoing wave packet, i.e. it is absorbed by the horizon already at t = 0. The blue curve
denotes the pressure anisotropy in the dual CFT normalized to the equilibrium pressure, ∆P(t)E/3 ,
as a function of time t. One clearly sees hydrodynamization already at t ≈ 0.35/T . Finally, note
that despite apparent initial isotropy, the system is certainly far from equilibrium and this can be
seen in a CFT by examining nonlocal correlation functions, such as 〈T11(t, ~x )T11(t, ~x + ~d )〉 with
nonzero ~d.
numerical holography started, see the pioneering Refs. [41, 42], but we will not pursue
this line here since it turns out to be tricky to disseminate between the process of
creating an excited state and the subsequent description of 〈Tµν〉 using the laws of
hydrodynamics.
2. Superposing separated localized exact solutions of Einstein’s equations.
An example of such solutions directly relevant for the material covered in Sec. 4 are
gravitational shock-waves
ds2 =
L2
z2
(
dz2 + ηµνdx
µdxν + z4h±(x±)dx2±
)
, (2.5)
where h± is an arbitrary function ≥ 0 and x± = x0 ± x1 [37, 43]. Each such a
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shock-wave (i.e. a left- or a right-moving excitation) is an exact solution of the AdS
gravity, but a linear combination of approaching shocks ceases to solve the Einstein’s
equations in AdS once nontrivial overlaps in the bulk start developing. The advantage
of this approach is that it allows to study collisions, the obvious drawback is that
the class of the simplest projectiles (2.5) might be too restrictive in the context of
HIC phenomenology, see in particular Ref. [44]. Also, shocks (2.5) move precisely at
the speed of light, whereas in HICs the projectiles are boosted nuclei with large but
finite γ-factor.
3. Solving initial value problem in AdS for arbitrary initial metric. In this case,
one defines excited states in terms of the initial data specified on some constant-time
surface in the bulk of AdS. The initial data have to satisfy the relevant constraint
equations and lead to spacetimes free of naked singularities. Since the CFT metric
remains flat at all times, there is a clear separation between hydrodynamic and non-
hydrodynamic parts of the evolution. The main disadvantage is that one looses
clear CFT interpretation of considered non-equilibrium states as opposed to the first
approach. The method of choice to minimize this drawback was to scan a large
number of different states and identify universal features of the dynamics.
Lecture 1 in Sec. 3 will implicitly use the first method in the context of the linear
response theory. Lecture 2 in Sec. 4 will focus exclusively on the results delivered using
the second approach. Most of the presented results in lectures 1 and 3 (Sec. 5) will adopt
the third approach and scan many different states.
Vast majority of the developments discussed in these lectures are based on numerical
relativity methods, i.e. solving Einstein’s equations numerically on computers. Sometimes
such developments in the context of AdS gravity are referred to as to “numerical holog-
raphy”. The common technical denominator of the problems considered in these lectures
that makes them very special is the horizon spanning all the xµ-directions. In such cases,
the method of choice is to use generalized ingoing Eddington-Finkelstein coordinates and
pseudospectral discretization. The former one leads to a very stable numerics since all the
signals moving inwards in AdS get immediately (in the Eddington-Finkelstein “time” in
which one evolves) absorbed by the horizon, whereas the latter ensures very good accuracy
at modest grid sizes resulting in simulations of spacetimes depending on all 1+4 coordinates
and at the same time being within the range of powerful yet still desktop computers [11]. A
very accessible introduction to these two methods combined can be found in the excellent
overview article [45] by Paul Chesler and Larry Yaffe who pioneered their use in the con-
text of holography. Numerous aspects of pseudospectral methods when used in numerical
relativity are also discussed in, e.g., Ref. [46]. Another useful resource on this front is the
Ph.D. thesis of my collaborator on these topics, Wilke van der Schee, available as Ref. [47]
as well as materials on his website including runnable Mathematica programs simulating
black brane evolution in AdS space6. Note that some of the most interesting open prob-
lems fail to fall in the class amenable to such treatment and for them more standard and
6As of October 2016 available at: https://sites.google.com/site/wilkevanderschee/ads-numerics
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resource-consuming approaches are needed. An example of such a problem is a collision
of two black holes in AdS space considered in Ref. [48]. Finally, some readers might find
Ref. [17] useful which discusses and utilizes a more standard approach to the initial value
problem in general relativity in the context of perhaps the simplest hydrodynamization
process being Bjorken’s boost-invariant flow [49] (see Sec. 5 for more information about
the latter). Similar studies were performed later on also in the Eddington-Finkelstein
coordinates in Ref. [50].
Finally, let me mention several very good reviews of applications of holography to non-
equilibrium processes in gauge theories. Interested reader is invited to consult Refs. [51–53].
3 Lecture 1: hydrodynamization timescales at strong coupling
The first question of an obvious interest to ask is how long it takes for a strongly-coupled
gauge theory to reach hydrodynamic regime as seen by its 〈Tµν〉 starting from some gen-
eral non-equilibrium state. The simplest setting to answer this was the linear response
theory, i.e. the leading order response of the thermal state to external agents encapsu-
lated by quantum field theory sources. In the case of Tµν , the corresponding source is the
background metric ηµν + δgµν(x) and the relevant formula is the following
δ〈Tµν〉 =
∫
d3k
∫ ∞
−∞
dω e−i ω t+i~k·~x
[
resω=ωmode(k)GR(ω,
~k) · δg(ωmode,~k)
]
µν . (3.1)
In the equation above we work in the Fourier space, GR is the retarded two-point function of
the energy-momentum tensor in the thermal state and
[
GR(ω,~k) · δg(ω,~k)
]
µν encapsulates
a particular contraction pattern7. Using the standard complex analysis methods one can
rephrase the integral over the frequency in terms of a sum over singularities of GR(ω,~k) on
the complex plane. A highly nontrivial prediction of the Einstein gravity holography from
the quantum field theory point of view is that these singularities have a form of an infinite
number of single poles for each value of ~k:
δ〈Tµν〉 =
∫
d3k
∑
modes
e−i ωmode(k) t+i~k·~x
[
resω=ωmode(k)GR(ω,
~k) · δg(ωmode(k),~k)
]
µν . (3.2)
The frequencies ωmode(k) all lie in the lower-half plane of the complex-ω plane, which
leads to the decay of those modes: e−|Imωmode(k)| t. Gravitational interpretation of all
these excitations is that of quasinormal modes (QNMs) of the AdS-Schwarzschild black
brane [55], see Ref. [56] for a comprehensive review of QNMs in black hole physics including
holography.
All the QNMs apart from two are gapped, i.e. ωmode(k = 0) 6= 0 with a nontrivial
imaginary part. The remaining two modes can be made arbitrarily long-lived by adding
7Note that for every value of the momentum ~k, GR splits into three independent channels transforming
irreducibly under rotations with respect to the axis set by ~k. We will ignore this important feature in
order not to make the presentation too technical. Also, the discussion in this section misses the important
question of the actual form of residues of GR(ω,~k) and interested reader should consult in this respect
Ref. [54].
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support for δg(ω,~k) at very small k. They correspond to linearized hydrodynamic ex-
citations, shear and sound waves, and their gapless nature can be traced back to their
equations of motion being sorely conservation equation for 〈Tµν〉 satisfying hydrodynamic
constitutive relations like Eq. (1.4) and its higher order generalizations. In the rest of these
notes, we will refer to transient modes as to the massive QNMs and to the long-lived modes
as to the hydrodynamic modes.
Note now that the vacuum Einstein’s equations (2.1) do not contain any non-trivial
dimensionless parameters, nor does the AdS-Schwarzschild black brane solution (2.4). The
latter is fully specified by its temperature T and it is then rather natural to expect that
massive QNMs have Imω(k) of the order of the temperature. This means that unless the
occupation number in Eq. (3.2), i.e. the term
[
resω=ωmode(k)GR(ω,
~k) · δg(ωmode(k),~k)
]
µν ,
is parametrically enhanced all the massive QNMs will become negligible after the time
scale set by the temperature. Since this possibility, at least superficially, is ruled out by
the virtue of considering small perturbations, one trivially arrives at the conclusion that
for small-in-amplitude perturbations of the equilibrium plasma hydrodynamic description
becomes the only relevant one after timescale set by the temperature inverse:
thydro T = O(1). (3.3)
The rest of this lecture is devoted to elucidating the influence on the above relation of
introducing additional scales to the problem via:
• Breaking the conformal symmetry but considering small perturbations of the equi-
librium plasma [22];
• Keeping the conformal symmetry intact but looking at large amplitude perturbations
in a simple-to-interpret setup [18, 19].
Regarding breaking the conformal symmetry, the idea is to start with a holographic CFT
and turn on sources for some relevant operator(s). We will look at a particular way of
breaking the conformal symmetry, which preserves some of the supersymmetry of N = 4
SYM. As a result of using a top-down model8, the so-called N = 2∗ gauge theory [57–59],
we do not have freedom in introducing ranges of dimensionless parameters to the gravity-
coupled-to-matter equations of motion. Skipping the details, the take home message from
the analysis originally present in Ref. [22] is that the relation (3.3) holds at the level of small
perturbations of equilibrium plasma also in N = 2∗ gauge theory, see Fig. 2. Combining
this with the results of other researchers, in particular Refs. [60–64], points towards the
conclusion that Eq. (3.3) might hold more generally when the conformal symmetry is
broken. Finally, note that it does not imply that breaking the conformal symmetry does
not lead to new interesting physics effects absent in holographic CFTs, see, e.g., Ref. [64].
Regarding adding new scales through initial conditions, it turns out that the simplest
setup to achieve this is the so-called homogeneous isotropization [41] in which the 〈Tµν〉
takes the form
〈Tµν〉 = diag
{
E , 1
3
E − 2
3
∆P(t), 1
3
E + 1
3
∆P(t), 1
3
E + 1
3
∆P(t)
}
µν . (3.4)
8Gravitational theory being dual to a at least a sector of a known quantum field theory.
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Figure 2. The results taken from Ref. [22] illustrate the thermodynamics and non-equilibrium
properties of N = 2∗ gauge theory. Left: trace of the equilibrium energy-momentum tensor
normalized to N = 4 SYM energy density at the same temperature denoted E0 as a function of the
conformal symmetry breaking parameter m normalized to the temperature T . According to this
measure, the biggest deviations from the conformal invariance occur for m/T ≈ 4.8. Right: the
frequencies of the least damped QNMs of ∆ = 3 and ∆ = 2 scalar operators (from top to bottom)
present in N = 2∗ gauge theory evaluated at vanishing momentum and expressed as functions of
m/T . The key thing to notice is that the frequencies of these modes, as well as all the other ones
considered in the original reference, do not change significantly as a function of m/T . As a result,
one does not expect parametric changes in hydrodynamization rates. This finding was corroborated
by a later study in Ref. [65] which considered a holographic setup whose thermodynamics is even
more affected by the conformal symmetry breaking, as well as Refs. mentioned in the main body
of the text.
In this setup, the energy density is constant due to conservation of the energy-momentum
tensor and the pressure anisotropy ∆P(t) is the transient effect of interest. The simplest
dimensionless quantity associated with the form of 〈Tµν〉 from Eq. (3.4) is ∆P(t)/E . Since
∆P(t) vanishes in equilibrium (see also Ref. [66]), we define the hydrodynamization time as
the instance of the evolution after which the magnitude of the ratio ∆P(t)/E is lower than
some threshold value, e.g. 10%. Note also that the homogeneous isotropization does not
excite hydrodynamic modes since there is not momentum in the system: in Eq. (3.2) this
corresponds to setting ~k = 0 and summing only over the massive QNMs. A very special
property of this setup is that we know the final state from the start – it is going to be the
equilibrium plasma of the energy density we start with.
The key idea behind the studies presented in Refs. [18, 19] was to, first, make use of
the simplicity of this setup to analyze very many different initial states in a comprehensive
manner and, second, each time compare the results of the evolution using full nonlinear
Einstein’s equations with negative cosmological constant (2.1) with the linear response the-
ory. The reason for the latter comparison was to understand how important are nonlinear
effects – interactions between QNMs. Since due to reasons discussed in Sec. 2 we do not use
the metric in which a CFT lives to perturb the system, what is meant here by the linear
response theory are solutions of Einstein’s equations linearized on top of the final state
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– static AdS-Schwarzschild black brane with temperature set by the energy density – fed
with the same initial conditions as the corresponding fully nonlinear evolution. This turns
out to be a rare luxury since in the most interesting cases being expanding plasma systems
discussed in Secs. 4 and 5 we do not seem to have a simple way to obtain the final state
on top of which we could linearize Einstein’s equations and understand the importance of
nonlinear transient effects.
We still want to interpret the prediction of linearized equations in terms of a sum over
QNMs, but now instead of the term
[
resω=ωmode(k=0)GR(ω,
~k = 0) · δg(ωmode(k = 0),~k = 0)
]
µν
from Eq. (3.2) we just have a numerical coefficient that is encoded in the initial data in a
rather intricate way, see Ref. [19]. The take-home message from these studies, see Fig. 3,
is that despite initial conditions contain infinitely many scales (given by all the derivatives
of ∆P(t) at t = 0), the hydrodynamization in this setup9 still occurs over a timescale of
1/T and linear response theory used outside its naive regime of validity does a remarkable
job in reproducing the features of 〈Tµν〉, see Fig. 3. It needs to be stressed that this appar-
ent university of hydrodynamization time, confirmed in many other setups including those
discussed in subsequent lectures, is not yet very well understood, see Ref. [61] for a nice
toy-model.
The lessons from this lecture are very interesting phenomenologically since Eq. (3.3) is
in agreement with the values used in hydrodynamic modelling of HICs at RHIC and LHC,
where the role of T is played by the local temperature at the moment of the applicability
of hydrodynamics as noticed already in Ref. [41]. Although we did not excite nonlinear
hydrodynamics in the setups discussed here, the results discussed in Secs. 4 and 5 indicate
that Eq. (3.3) remains valid also in these more realistic cases. Of course, all this does not
imply that the approach to hydrodynamics in HICs is governed by the strong coupling
processes, but rather that if it were, then the natural timescale for the applicability of
hydrodynamics would be parametrically given by 1/T evaluated at the moment the hydro-
dynamics kicks in. Furthermore, any serious phenomenological applications require better
understanding the proportionality constant in Eq. (3.3) which varies (even by a factor of 2)
depending on strongly-coupled gauge theory, setup and initial state. Finally, let us note
that the hydrodynamization timescale from Eq. (3.3) is sometimes stated as a possible
strong-coupling resolution of the so-called thermalization puzzle in HICs (see Ref. [67] for
an early discussion of this point), i.e. the failure of extrapolated10 weak-coupling calcula-
tions of thermalization time to match the timescales needed to be used by nuclear theorists
to start hydrodynamic modelling. As we will see in Sec. 5, there might not be a puzzle
after all since (local) thermalization is a priori a different process than hydrodynamization
and the thermalization timescale can be parametrically bigger than the time needed for
9Comparing with Eq. (1.1), we immediately obtain that for homogeneous isotropization T and uµ are
constant with uµ∂µ = ∂t. This implies that the gradient expansion is trivial to all orders, i.e. constant
in whole spacetime and isotropic perfect fluid 〈Tµν〉 is the exact prediction of hydrodynamics in this
setup. This justifies in this particular case using isotopization of pressures in 〈Tµν〉 as a criterium for the
applicability of hydrodynamics.
10Meaning leading order results evaluated at intermediate values of the coupling, outside the naive regime
of validity.
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Figure 3. Top: The histogram shows that none of the considered 800 different initial states takes
longer than about 1.1/T to reach hydrodynamic regime in the setup of homogeneous isotropization.
Furthermore, the plot also shows rather impressive agreement between the results of nonlinear
Einstein’s equations and the linear response theory – the difference between predicted isotropization
times, ∆tiso, is never large. Bottom: Explicit comparison between pressure anisotropy as function
of time obtained from solutions of nonlinear Einstein’s equations (blue curves) and using linear
response theory (red curves). One sees impressive semi-quantitative agreement even in the regime
of very large anisotropies, i.e. outside the naive regime of validity of the linear response theory. All
the plots in the figure are taken from Ref. [19].
the applicability of hydrodynamics
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4 Lecture 2: holographic collisions
One of the most impressive outcomes of numerical holography are collisions of gravitational
shock-waves (2.5) initiated in Ref. [43]. The latest developments on this front are universal-
ity in the late-time behaviour of plasma originating from planar shock-waves collisions [68],
off-central collisions of objects with localized transversal structure [11], collisions of planar
objects carrying conserved charge mimicking the baryon number [69] and collisions of pla-
nar shock-waves in strongly-coupled gauge theories with broken conformal symmetry [64].
The aim of this lecture is to present those aspects of the planar shock-waves collisions
from Eq. (2.5) discussed in Refs. [20, 21] that seem the most relevant in the light of newer
developments in this area.
Regardless of the choice of projectiles, i.e. the choice of the longitudinal structure of
projectiles encapsulated by functions h±(x±) in Eq. (2.5), collisions of shocks in Refs. [20,
21] always resulted in hydrodynamization with the projectiles either completely dissolved
or decaying, see Fig. 4. Furthermore, Ref. [68] was able to perform numerical simulations
in all the cases of interest till the complete decay of projectiles remnants finding out that
the resulting late-time temperature and velocity distribution in the x0 − x1 plane are uni-
versal11. This finding encapsulates earlier claims made in Ref. [21] and based on observed
universalities in the hydrodynamized plasma for the collisions of sufficiently “thin” (at
fixed total energy per unit transversal area or peak energy density) shock-waves. Although
shock-waves collisions allow to make the statement that hydrodynamization 6= thermaliza-
tion, in Sec. 5 we will use simpler and hence much cleaner example of the boost-invariant
flow to discuss it.
As a result, the most interesting phenomena observed in Ref. [20] and [21] to discuss
here seem to be transient effects occurring when the longitudinal profile of the projectiles is
sufficiently thin compared to the emergent master scale being the effective temperature at
the moment of applicability of hydrodynamics in the centre of the fireball. In this context,
the main message from Ref. [21] is that such h±(x±) can contain substructure but this
substructure does not play any significant role for the way centre of the fireball look like.
Fig. 4 depicts the relevant collision of the two Gaussian shocks from Ref. [20] and one can
see there that the system is so far from equilibrium that the lab-frame energy density is
negative in the vicinity of the future light-cone (the total energy is, of course, positive).
Similar effects can be reproduced in free quantum field theories. Furthermore, note that
the region of the negative energy density is surrounded by regions in which the energy-
density is positive. See, in particular, Ref. [70] for a discussion of phenomena of that type.
A less-obvious phenomenon is the possibility of the absence of the local rest frame, i.e.
in the vicinity of the future light-cone there is a region of spacetime where the matter is
extremely far from equilibrium and 〈Tµν〉 does not possess any time-like eigenvector, i.e.
11It is not entirely clear whether this decay of projectiles is a universal feature of holographic setups
since all holographic collisions performed to date involve essentially the same type of projectiles. The
general argument for it might be though the following: the horizon in general relativity cannot break so if
the projectile remnants are attached to the horizon associated with what later becomes hydrodynamized
plasma they are destined to decay.
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E/ρ4
ρ x0
ρ x1
Figure 4. The lab-frame energy density, E ≡ 2pi2N2c 〈T
00〉, as a function of the lab-frame time x0 and
the longitudinal position x1 for colliding shocks characterized by h±(x±) = ρ4 exp
[
− 12w2 (x±)
2
]
and ρw ≈ 0.08. Note that there is no dynamics in the transversal plane. Regarding the actual
dynamics, at the back of the plot one sees approaching maxima of the energy density. The collision
point correspond with a very good accuracy to the overall maximum of the energy density. In
the future light cone one sees two decaying remnants of the projectiles separated from the created
matter by the transient region of negative energy density. At x1 = 0 hydrodynamics becomes a
good description already at about ρ x0 ≈ 1.5 which turns out to agree with Eq. (3.3), see Sec. 5 for
an extensive discussion of hydrodynamization in the context of expanding plasma systems. Finally,
note that in the vicinity of the future light cone the system is so far from equilibrium that there
exists no reference frame in which the matter if co-moving, i.e. 〈Tµν〉 does not possess there a
time-like eigenvector. The plot is taken from Ref. [20].
there is no reference frame in which the matter is at rest. Note that this condition serves
as a definition of the velocity uα in relativistic hydrodynamics in the absence of conserved
charges, so in this region one cannot bring 〈Tµν〉 to the form (1.1). For a further discussion
of various aspects of the absence of the local rest frame in these collisions, see Ref. [71].
Summarizing this lecture, it is not clear (yet) what will be the most interesting les-
son stemming from holographic collisions in the context of the QGP physics. One thing
that these developments demonstrated is our ability to solve Einstein’s equations in AdS
in a class of time-dependent settings without making additional symmetry assumptions.
This technical development allows, for example, to better understand various aspects of
relativistic hydrodynamics and its generalizations, e.g. the question of the relevance of two-
derivative corrections in Πµν vs. one-derivative corrections encapsulated by Eq. (1.4), by
comparing solutions of hydrodynamic equations with ab initio calculations in holographic
gauge theories. Progress on this front might be relevant for understanding uncertainties
from these terms on precision measurements of the QGP shear viscosity, which is one of
the goals of the HICs programs in the near future, see, e.g., Ref [72]. Another development
on this front is the question how small a system can be at fixed average energy density
to be amenable for hydrodynamic treatment, see in particular Ref. [12]. This brings us
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directly to the next lecture, i.e. the physics of hydrodynamization.
5 Lecture 3: hydrodynamization
The most important lessons from holography are those which contain some degree of uni-
versality. The chief reason is, of course, the fact that the holographic gauge theories to the
best of our knowledge are not exactly the ones encountered in nature, in particular N = 4
SYM and its more elaborate cousins are not QCD. In the context of the near-equilibrium
QGP physics, the lesson number one is certainly the universality12 of the shear viscos-
ity, ηs =
1
4pi [13], in all holographic gauge theories in the supergravity approximation [74].
When it comes to the far-from-equilibrium physics discussed in these lectures, Eq. (3.3)
being an empirical and qualitative observation in numerical holography does not have such
solid foundations as ηs =
1
4pi . The question then is whether the studies of relaxation process
at strong coupling has led to a truly universal outcome of potentially lasting effect. The
aim of this lecture is to demonstrate that understanding the approach to hydrodynamics
ab initio using holography in a class of quantum field theories and making the distinction
between local thermalization and hydrodynamization with all associated baggage might be
just such a result.
The key idea behind this lecture is rather simple: the energy-momentum tensor is
going to take the hydrodynamic form such as Eq. (1.4) when the degrees of freedom not
encapsulated by the hydrodynamic ansatz become negligible. In the context of holography
(and most likely in the general context as well), this way of thinking about the applicability
of hydrodynamics was formulated in Ref. [42]. Note that by phrasing the condition for
hydrodynamization in this rather intuitive way we do not require gradients to be small,
but whether they can be large and how it depends on a setup of interest needed to be
checked explicitly with an ab initio calculation. This is the origin of hydrodynamization
6= local thermalization, since in the latter case one requires that 〈Tµν〉 to be close to its
equilibrium form and gradient corrections such as viscosity terms given by Eq. (1.4) take
us away from it.
In this lecture we will discuss hydrodynamization 6= local thermalization using a par-
ticularly clean example of an expanding plasma system given by the boost-invariant flow
with no transversal expansion and without external sources (as opposed to Ref. [42]). One
can think of it as of a crude model for what happens in the centre of the future light cone in
planar shock waves collision discussed in previous section and depicted on Fig. 4. Instead
of the lab-frame time x0 and the lab-frame expansion axis coordinate x1 we will use proper
time τ and (spacetime) rapidity coordinate y defined by
x0 = τ cosh y and x1 = τ sinh y. (5.1)
Right at centre of the collision (and also at the centre of the resulting matter), x1 = 0 or
equivalently y = 0, τ ≡ x0. So far we did nothing, just passed to curvilinear coordinates
in which the Minkowski spacetime looks the following
ds2 = −dτ2 + τ2 dy2 + (dx2)2 + (dx3)2 , (5.2)
12Note at the same time that the value 1
4pi
is not the exact lower bound for quantum field theories [73].
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but the key idea now will be to impose the condition of invariance under all the boosts along
the expansion (x1) axis. Since longitudinal boosts preserve τ and shift y, y → y + ∆y, in
the τ - y coordinates the condition of the boost-invariance implies that all the components
of 〈Tµν〉 do not depend on y. One can seek for phenomenological justifications of this
assumption/approximation [49], but for us the boost-invariance will only act as a technical
simplification in which 〈Tµν〉 depends only on a single variable τ yet gives rise to the
hydrodynamic tail in a setup resembling an actual HIC.
For the boost-invariant flow with all the symmetries imposed the most general energy-
momentum tensor takes the form
〈T ττ 〉 = E(τ), 〈T yy〉 = 1
τ2
{
1
3
E(τ)− 2
3
∆P(τ)
}
and 〈T 22〉 = 〈T 33〉 = 1
3
E(τ) + 1
3
∆P(τ) (5.3)
with all the other components vanishing. Similarly to our analysis of homogeneous isotropiza-
tion, also here we want to invariantly parametrize the deviations from equilibrium. By
comparing to Eqs. (1.1) and (1.2), we immediately see that these deviations are captured
by ∆P(τ). The key difference with the homogeneous isotropization is that now there is a
nontrivial hydrodynamic tail, i.e. ∆P(τ) obtains contributions in the gradient expansion
starting already with the viscous term (1.4). The simplest measure of deviations from
local equilibrium is the ratio of the pressure anisotropy to what would be the equilibrium
pressure, i.e. ∆P(τ)E(τ)/3 . We want to view this quantity as a function not of the proper time τ ,
but rather as a function of dimensionless variable measuring proper time in units of what
would be the corresponding effective temperature
w = τ T (τ). (5.4)
The reason for using this particular dimensionless variable stems from the results dis-
cussed in the first lecture in Sec. 3, which suggest to view T (τ) as a fundamental non-
equilibrium timescale at the hydrodynamic threshold13. Now, evaluating Eq. (1.4) in the
boost-invariant setup of interest characterized by14
uµ∂µ = ∂τ (5.5)
one finds that the gradient expansion corresponds to the large-w expansion of ∆PE/3 with the
first three terms being
∆P
E/3 =
0.64
w
+
0.02
w2
+
0.01
w3
+ . . . (5.6)
The above measure of deviations from equilibrium, at least naively, does not contain any
free parameters and hence we expect it to act as an approximate universal solution of this
setup at sufficiently late times. Also, note at this point that the two- (the 1
w2
term) and
13Note that ∆P(τ)E(τ)/3 is not always single valued when expressed as a function of the w variable, but we will
not be bothered with it.
14The non-zero gradients come from Christoffel symbols of the metric (5.2). In particular, this is why we
used covariant derivatives in Eq. (1.3).
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Figure 5. The plot of normalized pressure anisotropy as a function of the w time variable defined
by Eq. (5.4) for three different ab initio solutions of non-equilibrium dynamics of N = 4 SYM (grey
curves) vs. prediction given by truncated gradient expansion at the first (red), second (green) and
third (blue) order in derivatives, see also Eq. (5.6). Note that the hydrodynamic predictions match
extremely well the results of ab initio studies already from w ≈ 0.7, which is in agreement with
Eq. (3.3). Quite remarkably, this leads to an enormous anisotropy in the hydrodynamic phase driven
in this setup by the shear viscosity contribution. The plot adapted from Ref. [16] is a particularly
clear demonstration that hydrodynamization 6= local thermalization, which was noticed earlier in
Refs. [42, 43].
three-derivative (the 1
w3
term) corrections are much smaller than the viscous correction
(the 1w term), but this might well be the artifact of considering an extremely symmetric
flow. In the following, due to historical reasons, instead of ∆PE/3 we will very often use
f(w) ≡ 2
3
+
1
18
· ∆PE/3 . (5.7)
To add to the footnote 13, one can think of the phase space for the boost-invariant evolution
in holography to be spanned by w, f(w) and all its derivatives. This follows from the
presence of infinitely many QNMs contributing to Eq. (3.2), see also Eq. (5.11) later in
this lecture.
We do not know how many terms in the gradient expansion (5.6) are optimal (more
on this later), so let us take what we have so far, i.e. the three terms in Eq. (5.6), and
plot them against data from ab initio simulations starting from a bunch of non-equilibrium
states. The results of this comparison are depicted on Fig. 5 which very neatly illustrates
the following key notions:
• At the hydrodynamic threshold the pressure anisotropy can be enormous, between ap-
proximately 75% and 150% of what would be the equilibrium pressure for considered
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non-equilibrium states. This is precisely the statement of the hydrodynamization,
i.e. the applicability of hydrodynamics does not require local isotropization of the
energy-momentum tensor.
• Including gradient corrections is essential in order to match the ab initio solution
when it is in the hydrodynamic regime.
• Note that whereas viscous hydrodynamics works already at w = O(1), see Eq. (3.3),
the isotropization occurs at values of w of the order of magnitude larger. This di-
rectly translates to the order of magnitude larger timescale of isotropization than the
timescale needed for the hydrodynamization.
How comes then that the hydrodynamics gradient expansion truncated basically at the
lowest nontrivial order does such a remarkable job in matching ab initio solutions in what
would be at least naively regarded as a rather extreme regime? This turns out to be rather
easy to understand if one recalls that ∆PE/3 contains not only the contributions from the
gradient expansion encapsulated by Eq. (5.6), but also the contributions from transient
QNMs of the form
f(w) = . . .+ e−#w (. . .) + . . . (5.8)
where the exponential should be compared with Eq. (3.2) and the factor of w comes from
the QNMs frequencies being temperature-dependent, see Refs. [23, 75, 76] for an extensive
discussion of this point. Without working out the details, we already see that the expo-
nentially suppressed terms are part of the most general solution yet they are not included
in the hydrodynamic gradient expansion (5.6). This necessarily implies that the hydrody-
namic gradient expansion cannot converge for any finite value of w, i.e. the hydrodynamic
gradient expansion is a divergent series. In Ref. [23] we used numerical holography to
generate the first several hundred terms in Eq. (5.6) and explicitly verified this conclusion,
see Fig. 6.
Before we discuss how to properly think about the hydrodynamic gradient expansion
in the context of transient QNMs, let us pause and try to view everything we learnt in
this lecture from a broader perspective. As it needed to be expected, large deviations from
the perfect fluid energy-momentum tensor in the hydrodynamic regime occur also for flows
with much less symmetry, in particular in the planar shock waves collisions discussed in the
previous lecture and their less symmetric generalizations. One also generically expects that
the hydrodynamic gradient expansion is divergent in majority of situations (in particular
because we always expect to have transient modes of some sort that are never exactly zero).
This statement acts then as a mathematical justification for applying truncated hydrody-
namic gradient expansion to model dynamics with very large spatio-temporal variations15.
All-in-all, this is a very good phenomenological news since hydrodynamics is successfully
applied to HICs under extreme conditions (in particular, for collisions with large fluctua-
tions in the initial energy density in the transversal plane [77] or for some of the collisions
15In fact, in HICs one does not use truncated gradient expansion but rather effective equations of motion
generating correct gradient expansion to a desirable (first or second) order.
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Figure 6. The first 241 coefficients in the large-w expansion of combined Eqs. (5.6) and (5.7). The
linear behaviour of |fn|1/(n+1) implies that fn ∼ n!, which means that the hydrodynamic gradient
expansion does not converge for any finite w. The plot is adopted from Ref. [23].
involving one or two small projectiles [78–80]) and the results of ab initio studies such as
presented in these lectures show that it can nevertheless do very well even if we only know
the first or a few lowest nontrivial terms reliably. The opposite situation in which we would
be sensitive to very many orders of the hydrodynamic gradient expansion, reminiscent to
considering e.g. a geometric series close to the edge of its radius of convergence, would
simply imply the loss of predictability. Finally, note that increasing the number of terms in
Eq. (5.6) at a given fixed value of w is not going to lead to a better match with numerics.
However, supposing that one keeps the first three and, say, 100 terms, then there is going
to be a value of w = w100 such that for w > w100 truncated series with 100 terms works
better than the series truncated to the first three terms. Of course, in practice we want to
be able to cover as wide range of w as possible, hence we use the ansatz with only the first
few terms included (5.6). The latter is also a desirable feature from the point of view of
predictability.
Moving on to understanding the interplay between hydrodynamic gradient expansion
and transient QNMs, let us recall that the standard method in dealing with divergent series
is the Borel transform
fB(ξ) =
∞∑
n=0
fn
n!
ξn (5.9)
and Borel summation
fI−B(w) =
1
w
∫
C
dξ e−ξ/w fB(ξ), (5.10)
where the contour C connects 0 with ∞. The Borel transform (5.9) from a series with
zero radius of convergence generates a series with a finite radius of convergence dictated
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Figure 7. Singularities of the approximate analytic continuation of the Borel transform (5.9)
of the large-order hydrodynamic series from Fig. 6. The approximate analytic continuation is
performed using symmetric Pade´ approximants and we plot zeros of the denominator which are
not simultaneously zeros of the numerator. The leading singularities are two symmetric branch
cuts (Pade´ approximants capture branch cuts as condensations of single poles) which start at 3/2 i
times the frequency of the least damped transient QNM with the accuracy of five decimal places, see
Ref. [23] for details. Different ways of aligning the integration contour in Eq. (5.10) with respect
to these singularities lead to the idea that the most general ansatz for f(w) has the transseries
form, see Eq. (5.11). In particular, we expect many more singularities to appear associated with all
transient QNMs and integer multiples of their frequencies, see Ref. [25], but we adopted too crude
approximation of the analytic continuation to see them. The plot is adapted from Ref. [23].
by the presence of singularities in its analytic continuation, see Fig. 7 for the approximate
structure of the leading singularity for the hydrodynamic series (5.6). The latter implies
that the Borel summation given by Eq. (5.10) is an ambiguous procedure and depends
on the alignment of the integration contour with respect to encountered singularities. We
should not worry that the sum of the divergent series is ill-defined, because we know that
hydrodynamic gradient expansion does not appear only by itself – it is accompanied by
the transient modes. In fact, in Ref. [23] we showed that the difference between various
contours is, at large w, given by the leading order contribution from the least damped
transient QNM in N = 4 SYM.
Combining these various pieces of evidence with the studies of a toy-model in Ref. [24]
and holographic studies of another flow in Ref. [25] makes us expect that the full ansatz
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for f(w), denoted here fts, takes the form
fts(w) =
∞∑
i=0
fiw
−i +
∞∑
j=1
e−
3
2
ωˆjwwαj
∞∑
i=0
gj,iw
−i +
+
∞∑
j=1
∞∑
n=1
e−
3
2
ωˆjwe−
3
2
ωˆnwwαjwαn
∞∑
i=0
gj,n,iw
−i + . . . (5.11)
This expression calls for several comments:
• The first sum is the divergent hydrodynamic gradient expansion.
• The second sum is the sum (the j index) over contributions from all transient QNMs
whose frequencies ωˆj ≡ 1T ωmode j(k = 0) are evaluated at vanishing momentum and
over (also divergent) gradient corrections (the i index) to the leading order exponen-
tial behaviour. We also need to take into account the power-law exponent αj whose
origin is discussed in Refs. [23, 24]. One can think of the sum over the i index and the
power-law exponent αj as of arising from the interactions of the transient QNMs with
hydrodynamic background, i.e. finding QNMs not in the AdS-Schwarzschild back-
ground of Eq. (2.4) but rather in the fluid-gravity duality solution keeping arbitrary
many derivatives of T and uµ.
• The third sum (the indices j and n) is a sum over the quadratic terms arising from
the leading order interactions between the transient QNMs having to do with the
nonlinear nature of Einstein’s equations. The sum over the i index is expected to be
divergent. The terms in the ellipsis contain interactions between 3 and more modes
and associated expansions in powers of 1w , which we again expect to be divergent.
• Every sum of the i index is understood to be a Borel summation of the analytic
continuation of the Borel transform of the original expression with the associated
discrete choice of integration contour in the corresponding Eq. (5.10).
• The series contains free parameters being fj,0 that we (partly, see the next point)
associate with integration constants having to do with the choice of non-equilibrium
state we consider. You should think of them to a certain extent as analogues of the
term
[
resω=ωmode(k)GR(ω,
~k) · δg(ωmode(k),~k)
]
µν from Eq. (3.2) evaluated at vanish-
ing momentum, i.e. for ~k = 0.
• Each divergent series in Eq. (5.11) needs to be resummed. The choice of the integra-
tion contour for the fi series is expected to lead to an ambiguity that can be exactly
cancelled by ambiguous complex parts of free parameters fj,0. Higher order parts of
Eq. (5.11) are expected to follow the same pattern, but now the choice of contour
made for the fi resummation and the associated choice of fj,0 will determine the
choice of contours for resummation of the each of the fj,n,i series at fixed j and n.
• Expression given by Eq. (5.11) is an example of a transseries and special relations
between parts with different exponentials (including the hydrodynamic gradient ex-
pansion) are a manifestation of the so-called resurgence.
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• All in all, Eq. (5.11) as a whole is well-defined at least for some range of w around
w =∞ and is specified by an infinite set of numbers that correspond in a complicated
way to a choice of initial conditions in holography.
Having said all this, it is interesting to draw an analogy with quantum mechanical systems
(e.g. anharmonic oscillator with quartic interactions with the coupling constant g) in which
a given f(w) corresponds to the energy of, say, the ground state, expansion in 1/w cor-
responds to the perturbative expansion and QNMs correspond to non-perturbative effects
(instantons in this setup). In fact, applications of resurgence and transseries techniques to
quantum mechanical theories is a subject of a significant contemporary interest, see e.g.
Refs. [81–86].
The take-home message from this lecture is that the hydrodynamic gradient expan-
sion must diverge because it does not capture transient excitations of microscopic theories.
Note that the studies reported here are holographic, but the lesson seems general and, in
fact, was recently confirmed also within the kinetic theory [28, 87]. The interesting thing
with divergent series is that, truncated, they are known to work remarkably well also for
what one would naively conclude to be large values of their arguments. This is precisely
what we observed in this lecture: the gradient expansion truncated at the first nontrivial
term can work very well also when the pressure anisotropy is 150% times bigger than what
would be the equilibrium pressure. Of course, the hydrodynamization is not directly about
anisotropies but rather about the size of gradient contributions to the energy-momentum
tensor at the hydrodynamic threshold and indeed it has been confirmed as such in less
symmetric setup. In the broader picture, presented studies indicate possible applicabil-
ity of relatively simple (first few terms in the gradient expansion) hydrodynamic theories
in regimes of large gradients which are omnipresent in phenomenological hydrodynamic
modelling of HICs. This is certainly a very good news from the point of view of phe-
nomenological applications, but its interesting theoretical spin-off, see in particular recent
Ref. [29], is that the hydrodynamic evolution in HICs does not necessarily always imply
experimental access to equilibrated QGP. It remains to be seen whether this observation
will have bearing experimental implications, but it is really pleasing to see that it came
from the string theory research.
6 Summary
If there is the single most important take home message from these lectures, it is that
hydrodynamic gradient expansion does not converge and as a result simple theories of
hydrodynamics can work very well also outside their naive regime of validity, i.e. when
gradient corrections are large. The role of numerical holography was to provide unambigu-
ous evidence for this statement by performing ab initio calculations of time evolution of
excited states in strongly-coupled gauge theories. The question of the impact of
hydrodynamization 6= local thermalization
on HICs is not settled yet, but the fact that it is so robust makes it one of not-so-many
truly universal lessons stemming from the applications of holography. In the worst case
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scenario, the phenomenon of hydrodynamization can provide partial justification for the
applicability of relatively simple (first few terms in the gradient expansion are matched
to the microscopic model) hydrodynamic theories in regimes of large gradients which are
omnipresent in phenomenological hydrodynamic modelling of HICs, but more studies are
needed.
7 Outlook
Let us notice that, as it often happens in physics, the phenomenon of hydrodynamization
( 6= local thermalization) could have been deduced soon after the first papers on the role
of QNMs in holography such as Ref. [55]. In order to see it16 let us consider a toy-model of a
hydrodynamic mode contribution to Eq. (3.2) with the term
[
resω=ωhydro(k)GR(ω,
~k) · δg(ωhydro(k),~k)
]
µν
replaced by a Gaussian and the integral over momenta taken for simplicity to be one-
dimensional:
〈Tµν〉toy ∼
∫ ∞
−∞
dk ei k x+i ω(k) te−k
2
+ . . . (7.1)
In the equation above the ellipsis denotes the contribution from transient modes that
we will not be interested in. Now assume that ω(k) expanded around k = 0 (this is the
hydrodynamic gradient expansion in the Fourier space) has a non-zero radius of convergence
which we know for sure at least in some cases [8]. If we now first expand the frequency
ω(k) in k, which for a sound wave would look the following
ei ω(k) t = e
±i 1√
3
k t
(
1 +
∞∑
n=1
sn k
n
)
, (7.2)
and integrate it over momenta term-by-term, i.e. integrate each of the sn contributions
separately, we will end up integrating kn weighted by an exponential which naturally leads
to the appearance of n!. This indicates that the inverse Fourier transform will return the
divergent series and as a result, even in linearized hydrodynamics the gradient expansion in
real space seems to be divergent. Now when it comes to the hydrodynamization, Eq. (5.6)
(in a slightly different parametrization) was already known in 2007. Since QNMs obey
Eq. (3.3), inserting it into Eq. (5.6) and keeping only the first few terms (since now we
would expect it not to converge!) we arrive at very large pressure anisotropy already
for w = 1. From this perspective, the nontrivial input of the ab initio studies in the
nonlinear regime such as discussed in these lectures Refs. [16–21] is that Eq. (3.3) holds
also when deviations from hydrodynamics are large in amplitude.
It is also important to stress that hydrodynamization was reported here only in the
simplest setup possible (boost-invariant flow in a CFT) in which the shear viscosity alone
was capturing most of the physics. One may expect that there are other flows for which
some of the second order terms would give significant contributions. Following this logic, it
is also natural to expect that, e.g., when the conformal symmetry is broken then the term
coming from nonzero bulk viscosity, see Eq. (1.4), can be sizeable. Indeed, recently this
16The argument centred around Eq. (7.1) was recently suggested to the author by Hong Liu.
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phenomenon was observed in holographic studies reported in Ref. [64]. In the presence of
anomalies [88] or for magnetohydrodynamics [89] there are interesting other terms at the
first order in derivatives (for triangle anomalies they contribute to the current) and by the
same logic one may expect them also to be quite sizeable at the hydrodynamic threshold
but the author is unaware of such results.
On a more formal side, note that we still do not understand the mathematical reason
behind the divergent character of the hydrodynamics gradient expansion, i.e. whether it
comes from individual gradient terms giving very large contribution to, say, the boost-
invariant flow at each order or rather a very large number of terms which add up. Some
progress on this issue can be achieved by studying the hydrodynamic gradient expansion
without any symmetry assumptions in various theories of relativistic hydrodynamics gen-
eralizing the analysis in Refs. [24, 90, 91]. Also, the transseries ansatz for holographic
theories given by Eq. (5.11) with most of its resurgent properties conjectured is based on
what we learnt from Refs. [24, 25, 90, 91] and it would be really interesting to understand
if it is indeed correct. A particularly interesting aspect of it is a sum over all the QNMs
which might not form a basis of functions in the standard sense [92]17.
It should be re-stressed here that the conclusions coming from the studies of pure
Einstein gravity with negative cosmological constant will certainly be somewhat altered
by including higher derivative corrections to the gravitational action. In order to trust
performed calculations, one should treat them as small corrections to all the quantities
discussed here so these changes are not expected to be big. Nevertheless, it would be really
interesting to comprehensively understand associated trends, e.g. if a given correction
lowers the value of the ratio ηs , how does it affect hydrodynamization times and how does
it influence the pressure anisotropy at the hydrodynamic threshold? Preliminary works in
these directions include Refs. [93–95]. In certain cases one can consider, as toy-models,
situations in which the associated correction is sizable, see Ref. [93] for such a study. In
these cases, it is possible to change in a quantitative way the structure of singularities
of retarded Green’s functions of the energy-momentum tensor, which as a result leads to
different lessons than those presented in the lectures. Although this particular direction
is certainly very interesting, by pursuing it one looses the virtue of performing ab initio
studies of gauge theories which has been the strongest motivation for using holography in
the context of HICs.
Finally, note that applied holography, including numerical holography, delivered a num-
ber of other very interesting results at the intersection with HICs that were not discussed
in these lectures, in particular having to do with jets. On this front, Ref. [53] overviews
some of those fascinating developments and interested reader is invited to consult it. Note
also that even when it comes to the question of the dynamics of holographic QGPs, not
much is known about nonlocal correlations. One reason for it is that many groups use for
that purpose the so-called AdS-Vaidya spacetime as a gravitational model of equilibration
and it lacks most of the crucially interesting features discussed in these lectures. The other
is that for calculating correlations one very often uses the approximation in which 2-point
17The author would like to thank Luis Lehner for bringing this issue up.
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correlation functions are given by lengths of spatial geodesics anchored at the boundary,
see Ref. [96] for early comprehensive studies of correlations in the geodesic approximation
and Ref. [97] for such a study in the colliding shock-waves background discussed in Sec. 4.
To the best of the author’s knowledge the only articles to date not adopting any of those
simplifications are Refs. [98–100]. Certainly further progress is needed on this front and
some interesting steps in these directions were taken by Philip Kleinert and his collabora-
tor and were presented by Philip in Zakopane in a talk based on Refs. [101, 102]. See also
Ref. [103] for related developments.
Another fascinating topic not covered here is the physics of equilibration processes (or
lack of thereof) for strongly-coupled gauge theories on spheres, e.g. N = 4 on R × S3,
better known under the name of the “AdS (in)stability problem” [104–107]. Also along
the lines of phenomena with multiple scales, studies of turbulence in holographic quantum
field theories [33, 108, 109] and possible applications to astrophysical black holes [110, 111]
certainly deserve further attention. On this front, it would be very interesting to understand
if in (1+3)-dimensional relativistic hydrodynamics the cascade to the UV dissipates through
viscosity or if the transient QNMs are needed.
Last but not least, let us emphasize one again that numerical studies discussed in these
lectures were all characterized by uniform event horizon and some of the most challenging
open problems in numerical holography have to do with situation in which either the
horizon is formed as a result of an (possibly very long) evolution process (this occurs in the
“AdS (in)stability problem”) or when two horizons merge into a single black hole (imagine
collisions of black holes which unlike gravitational shock-waves given by Eq. (2.5) would
correspond to projectiles with adjustable γ-factors).
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